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Whistlers and Negative Ions 
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Using an appropriate model of the ionosphere, we find the travel time for proton 
whistlers to go from their source to an observer at a satellite. The results differ 
from earlier ones. The physical parameters obtained through whistler observa- 
tions agree with these results. Damping and attenuation of whistlers are related 
to the ionospheric parameters. 

1. I N T R O D U C T I O N  

In the last few decades, the study of the propagat ion of ion whistlers 
has greatly increased and has been employed as a diagnostic technique to 
estimate ionospheric parameters  by many workers, especially Gurnett  and 
his group (Gurnett,  1965; Gurnett  and Shawhan, 1966; Gurnett  and Brice, 
1966), who were the first to make a rigorous and extensive study of whistlers 
in the ionosphere. Subsequent observations of  whistler features intensified 
further the mathematical  theory of waves in ionospheric plasmas (Lucas 
and Brice, 1971; Singh et al., 1976; Das and Sur, 1986). Such studies are 
based on the measurement  of  the group travel time of a whistler from its 
source to an observer at a satellite and is given by the line integral 

Io dh (1) t(o~) = ~g 

where Vg is the group velocity along the path of  propagation. Gurnett  and 
co-workers found that the right circularly polarized wave, when the 
frequency is nearly equal to the ion-cyclotron frequency, contributes negli- 
gibly to the group travel time as compared to that of  the left circularly 
polarized wave. But the present model of  the ionosphere shows that both 
circularly polarized waves contribute to the group velocity Vg, and thus the 
calculation of t(~o) should differ from the earlier mathematical  treatment. 
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These phenomena  arise only when the model of  the ionosphere consists 
of  both kinds of  ions. The existence of  negative ions in the ionosphere 
(Branscomb, 1964; Von Goeler  et al., 1966; Whitten et al., 1965; Das, 1975) 
leads to an improved treatment and implies that the interaction of  the 
negative ions cannot be ignored. Das and Sur (1986) made an initial study 
of the group travel time, which the present paper  makes more detailed. 
Finally, the damping and the attenuation of the whistlers are studied. As 
expected, the negative ions contribute significantly to the group travel time, 
and if an appropriate  model is not used, there is a discrepancy in the results. 

2. M A T H E M A T I C A L  F O R M U L A T I O N  

We consider the ionosphere to consist of  mult icomponent  ions of  both 
kinds and electrons. The a - type  charged particles having mass m~ and 
density n~ move with velocity v~. We assume that in the equilibrium state, 
the medium is pervaded by a uniform magnetic field H =  (0, 0, H) .  The 
basic equations governing the ionosphere are 

an~ + div(n~v~ ) = 0 (2) 
at 

m ~ / - - + ( v ~ . V ) v ~  =q~ E +  v ~ x H  
L at c 

supplemented by Maxwell 's  equations 

1 aE 
V x H = - - -  + 4 ~-J (4) 

c at 

1 oH 
V x E  . . . .  ( 5 )  

c at 

V.  H = 0 (6) 

V-  E = 4 #  Y n,q,,  (7) 
o t  

where a = i stands for positive ions, a = j  for negative ions, and a = e for 
electrons, and q~ = e when a = i and q~ = - e  when a = j ,  e. All other symbols 
have their usual meanings as defined in Stix (1962). 

Further, we assume a plane wave propagating in such a way that all 
the perturbed parameters  are functionally varying as exp[ i (k ,  r - t o t ) ] .  

Following Stix (1962), the dispersion relation for the propagat ion at an 
angle 0 is obtained as 

A n  4 -  B n 2 +  C = 0 (8) 
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where 

A =  S sin 2 0 + P  cos 2 0 

B = R L  sin 2 0 + PS(1 + cos 2 0) 

C = P R L  
2 2 

R, L =  1 - ~i ~ Pi ~, (O pj , 

�9 7to(to :to :) 
S = I ( R + L )  

D = � 8 9  - L )  

top~ 2 4~e2no 
P = I - Y ~  2, where top~ 

a tO /~a  

2 
OJ pe 

to ( w ~: to , ) 

no is the initial density, toc~ = [q~lH/cm~,  and n = e k / w  is the refractive 
index. 

The satellite observations show that very few whistlers can be seen at 
the equator as compared to the occurrence rates at midlatitude. These 
features of  whistlers have made it possible for researchers to develop a 
mathematical theory for whistlers at midlatitude. In such cases, the propaga- 
tion angle is small and the dispersion relation (8), after some straightforward 
mathematical manipulation, reduces to 

?,12 ~ O)pi  s e c  0 

a~c,(wc, ~ to) (9) 

where X = njo/nio is the concentration ratio between negative ions and 
positive ions. 

The corresponding group velocity is determined as 

( 2 ] to)3/2 
V, = \ ] - ~ X ]  wv,(0)[to~,(0 ) - o0/2] (10) 

which shows that the group velocity does not depend on the propagation 
angle of the wave. In order to evaluate the integral (1) with Vg in equation 
(10), we assume that the density variation in the ionosphere is negligibly 
small and that the magnetic field varies linearly as 

to~,(h) = to~,(0) + hw'c,(O) (11) 

where toni is the cyclotron frequency at the satellite and to'~i(0) expresses 
the variation of the geomagnetic field. Following Gurnett  (1965), straight- 
forward mathematical manipulation gives the group travel time as 

t(to) = 1 + X top~(O)[toa(O)] 1/2 (12) 
2 cto'ci(O)[Ato(O)] '/2 
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Equation (12) is the required equation to determine the plasma parameters 
in the ionosphere. To determine the physical parameters, we plot the travel 
time t(to) against [Ato(0)] 1/2 for several wave frequencies with an arbitrarily 
chosen cyclotron frequency. The plot is continued with the change of the 
cyclotron frequency until the plot gives a straight line. The cyclotron 
frequency for which a straight line is exhibited is the required ion-cyclotron 
frequency. The slope of the line indicates the density of the medium. 
Elaborate numerical estimations have been given by Das and Sur (1986), 
who concluded that the presence of the negative ions in the ionosphere 
should be considered or otherwise the method leads to a discrepancy in 
the results. 

3. FURTHER USE OF GROUP TRAVEL TIME 

We further extend the use of the group travel time to calculate the 
damping of the whistlers and so estimate the other physical parameters of 
the ionosphere. The satellite observations indicate that a low-frequency 
whistler in the ionosphere always propagates with a rising tone and 
approaches the ion-cyclotron frequency. But when the wave propagates 
with frequency almost equal to the ion-cyclotron frequency, the charged 
particles moving along the magnetic field observe a high-frequency wave. 
In such cases, most of the ions absorb energy from the field and consequently 
damping occurs in the whistler. To calculate the damping rate, we assume 
that the velocity distribution of the charged particles is Maxwellian. Follow- 
ing Stix (1966), the dispersion relations of circularly polarized waves propa- 
gating along the magnetic field are 

2 2 tOoi 2x/~.topi exp(-z~) 
L =  l +o , c , ( , oc , - , o )  + ,olkl, ,  

R = 1 + w~j + 2x/--~ top2/exp(-z)) 
o) A . ,  - ,o ) o. } k l v,j 

(13) 

(14) 

where z,, =Aw/kv,~, and v,~, is the thermal velocity of the a-type ionic 
species. We assume that the temperatures of the ions are the same, to 
simplify the calculations. For the present analysis, we consider a simplified 
dispersion relation in the form 

n2_ 1+(~.~ ) O)ci(O)ci--W)O')2i ~ I + x  ix/~tO2pi 2 ~ -  ~ exp(-z ) (15) 

where z~ = z. 
The calculation of the damping in the whistler wave depends on the 

refractive index given by equation (15) as well as on the group travel time 
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expression (12). We assume first that k is real, and the wave frequency m 
is expressed as m = mr+ ira;, with Ira,l<< Imrl. The substitution of m in (15) 
and the separation of the imaginary part gives w~ as 

( 2_ . .~  1/2 C%/r-~ [mci(O)]l/2[Aw(O)] 3 
m ~ = - k l + x  / 2Vampi(0 ) exp[~(0)] (16) 

where 

2 c2[Ato(h)] 3 
~ ( h )  = I+X 2 2 toc,( h )w p,( h )v,, 

it is assumed that Am(0) is small. The damping rate wi with the use of the 
group travel time t(m) reduces to the following form: 

mi ~-- At  -3 exp(-Bt -6) (17) 

together with 

+ . 4 . 2 

Again, the damping rate of the ion whistler wave is believed to be 
related (Lucas and Brice, 1971) to the velocity distribution function of the 
charged particles through the relation 

2c~r2 [At~ F(v)  (18) 
m , -  m.,(O) [m~,(O)] '/~ 

where F(v)  is the velocity distribution function of the charged particles, 
which, with the help of equation (12), is obtained in the form 

F(v)  = D exp( -Bt  -6) (19) 

where 

1 me,(0) 
\1 +X/  4~3/2V,i Am(0) 

The expressions for the damping rate and the velocity distribution function 
given by equations (18) and (19), respectively, depend on the value of 
Am(0), which can be obtained from the group travel time given by (12). 
So, the knowledge of the group travel time for a whistler propagating from 
the source to an observer in the ionosphere gives easily the evaluation of 
the damping rate by using equation (17) and the velocity distribution 
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function of  the charged particles from expression (19). To show the qualita- 
tive variation on the damping rate, we consider a small percentage of 
negative ion concentration, X = 0.1, as compared to the positive ions. The 
variation against the group travel time is shown in Figure 1 for temperatures 
600, 800, and 1000 K. Figure 1 shows the effects of  the temperature as well 
as the travel time of the whistlers received by the satellite. The damping is 
negligible at the source of the whistler. But when the travel time t(to) is 
more than 3 sec, the damping rises sharply even with a small increase of  
the travel time and effectively depends on the variation of  the temperatures. 
Thus, Figure 1 shows that the presence of  the negative ions has an overall 
effective contribution to the damping of the whistler wave. The numerical 
values of  damping in the ionosphere are 14.2, 15.3, and 15.4 rad sec -1 for 

~ -  ~0~ 

• 8- 

i 

i" 

0 

Fig. I. Variation of temporal damping rate with group travel time. 
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temperatures 600, 800, and 1000 K, respectively, showing an increase in 
damping rate as compared to the results obtained in Gurnet t ' s  model. The 
maximum damping rate occurs near t = 4.75 sec and afterward the damping 
shows an opposite nature, decreasing with the group travel time. 

Figure  2 shows the variation in the velocity distribution function F(v) 
of  the particles with the group travel time. The variation appears  negligibly 
small near the source of  the whistlers, while a sharp steepening occurs at 
about  t = 3 sec and afterward. The negative-ion interaction with thewhist ler  
wave shows that the range of distribution function variation remains 

Fig. 2. Variation of velocity distribution function with group travel time. 
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unaffected near the source of the whistler and is widened as compared to 
the results in the simpler case. The variation of the distribution function 
gives the resonating ionic number density and is calculated by multiplying 
the velocity distribution function with the number density of the ion. 

Now we consider the case when the wave frequency to is real and the 
propagation vector k is expressed as k = k r ' k - i k i ,  with ]k,l<< Ikr]. Again, the 
separation of the imaginary part of the propagation vector from equation 
(15) gives the Cyclotron damping as 

~to(0) 
k~ exp[~/(0)] (20) 

2 t) ti 

where r is defined in equation (16) and similar assumptions are also 
made here. The corresponding total attenuation of the wave is calculated 
by integrating k~ over the propagation path using the same assumption and 
procedure as given by Gurnett and Brice (1966): 

fl = 2 ki dh 

l + x  4-# to~,(0)toc,(o)v. 
2 3c 2 to'c~(0) Ao)(0) exp[~(0)] (21) 

The value of Ato(0) can be substituted from the group travel time (12) and 
a calculation gives equation (21) in the form 

13 = A ' t  2 exp(-Bt -6) (22) 

where A ' = q ~ t o ~ i ( O ) v . / 3  and B is as in (17). 
The relation of the attenuation of the whistler to the amplitude of the 

magnetic field gives the magnetic field as 

Bl oC e-~  

oct -l exp[-A't  2 exp(-Be-6)] (23) 

A similar expression has been derived by Gurnett and Brice (1966), with 
the main differences in the derivation of the group travel time. The change 
of the group travel time arises due to the presence of the negative ions in 
the ionosphere, leading to an overall significant change in the mathematical 
treatment of the estimation of the physical parameters. We plot the variation 
of the attenuation against the group travel time in Figure 3. Figure 3 shows 
a delay of the attenuation; it cannot be seen at the source of the whistler. 
After a certain time, approximately 3 sec, the attenuation rises as the whistler 
wave progresses. Figure 4 shows the variation of the amplitude of the 
magnetic field, and a comparison of the results with that of Gurnett and 
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Variation of attenuation/3 with respect to group travel time. 

Brice (1966). The amplitude variation is sensitively influenced by the pres- 
ence of the negative ions. For a typical value of t(o~) = 3 sec, Gurnett  and 
Brice (1966) calculated B~ as nearly equal to 2.5 • 10 -5, while in our model 
B1 increases to 0.3, for the temperature 600 K. 

4. CONCLUSIONS 

We have considered an appropriate model of the ionosphere consisting 
of  multiple ions with different charges, with a view to showing the effects 
of  negatively charged particles on the whistlers observed in the ionosphere. 
The characteristic variation of the damping and the attenuation of whistler 
propagation with group travel time are also shown. As expected, the calcula- 
tion shows that at the equator the negative ions make a considerable 
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Fig. 4. 

J,r.azr_~ d~,ar ~ , ,  
Variation of  B 1 with group travel time: (*) the results of  Gurnett  and Brice (1966); 

( - - )  our model. 
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con t r ibu t ion  to the whist ler  wave. The presence of  the negative ions delays 
the onset  of  damp ing  and,  when  the damping  is observed, leads to a sharp 
rise with increas ing group travel time. Similar  characteristics are also seen 
in the case of  the ampl i tude  of  the magnet ic  field variat ion.  
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